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An Alternative Explicit Six-Port Matrix
Calibration Formalism Using

Five Standards

FADHEL M. GHANNOUCHI AND RENATO G. BOSISIO, MEMBER, IEEE

,4hwract —A new explicit six-port calibration method using five stan-

dards based on matrix formalism is developed. Tfre new method has a

number of advantages: There is no limitation on the measurements and in

the six-port design to include a specific reference port for setting the

power level during calibration and testing. The computation method is an

explicit one and there is no need to use iterative procedures.

I. INTRODUCTION

D URING THE PAST decade, microwave measure-

ment instrumentation has seen the emergence of the

six-port as an alternative in some applications to conven-

tional network analyzers [1], [2]. Using this technique, the

magnitude and the phase of an unknown reflection coeffi-

cient are determined entirely by four relative power read-

ings and the calibration constants at the measurement

frequency. Different methodologies were used to relate the

four power readings to the complex reflection coefficient,

including linear formulations [3]–[9]. However the number

of standard terminations as well as the computational

effort to calibrate a six-port reflectometer needs to be

further reduced. At first, seven standards and a linear

procedure were used: in another case [5], four offset short

circuits and a matched load were proposed [7]. Explicit

six-port calibration methods using five standards were also

suggested in [3], [4], and [8]. Later, four standards using an

iterative method to calculate the reflection coefficient was

used; this last method is limited to reflectometers which

include a reference port [7].

This paper presents an alternative method to calibrate a

six-port reflectometer using five standards and an explicit

noniterative procedure based on matrix formalism. In order

to verify the method, an experimental six-port reflectome-

ter was calibrated over 2–4 GHz in 10 MHz steps using a

junction previously reported in the literature [10]. Some of

the advantages related to this new calibration are: a)
matrix formalism is rapidly programmed and executed by

computers, b) the computation method is an explicit one,

and c) there is no limitation to dedicate one specific port
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to incident power level measurements: This last feature

gives more latitude in the six-port junction design.

H. MATRIX REPRESENTATION OF

SIX-PORT REFLECTOMETER

Consider an arbitrary linear and time-stationary six-port

network as shown in Fig. 1, with incident and reflected

normalized a j and b, (i =1,. . .,6) waves, respectively. It

has been shown by Engen [11] that the incident normalized

waves at the four power detectors connected to ports 3, 4,

5, and 6 of a six-port can be represented by

be= Meaz + iV,b2. (1)

Me and Ne are complex parameters depending on the

scattering parameters of the six-port junction and the

reflection coefficients of the four detectors.

The reflection coefficient of the device under test con-

nected to port 2 is given by:

(2)

Substituting (1) into (2), we get pe as a function of r:

P,= ~lb212[pve12 + lkfe121r12 + kf=fve*r+ fv,~~r*]

fore =3,..., 6 (3)

with A a scalar parameter. Equation (3) can be represented

as a scalar product of vectorsl as follows:

pe=Alb212L:R fore =3,. ..,6 (4)

where

L,=

N,M:

and R =

I

1

lr12

r
p

I
By introducing the linear

power reading vector P to

operator T, we can relate the

the reflection coefficient vector

1The following notation is used for any vector V and matrix ,4:

VT: a column vector;

VT: a row vector;
A: the trauspose of matrix A;
~-l the inverse of square matrix A,
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Fig. 1. Six-port reflectometer.

I’ by the following expression:

P= iIb21*LR = ~p212m1r= ~p212cr= ~cr (5)

where

r= 1~1

2

R(r)

I(r)

II o
I

01
T=

00

00
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o

0

1/2

– j/2
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o

0

1/2 “
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Here L is a 4X 4 complex matrix; C is a 4 X 4 real matrix;

R(r) is the real part ~f IT; Z(r) is the imaginary part of

r; and p,ep(e–2) (j=l, ”..,4).
The C matrix is a calibration matrix, and it represents

the invariant properties of the measurement instrument

including the six-port reflectometer. The valueofAlb212 = a

is the input p,ower level of the device under test (DUT).

It was shown in [12] that the circle centers characterizing

the design of an arbitrary six-port junction, with equiv-

alent so-called q, points in Engen notation, are related to

the entries of the C matrix as follows:

ql=-&(c,3+jc,4)
12

and

1%12 = lc,l/cz21 fori=l,. ..,4.

Referring to (5), the reflection coefficient vector can also

be expressed as follows:

1
r= —c-lp=Lxp

A1b212 Alb212
(6)

The complex reflection coefficient is deduced by nor-

malizing all the elements of the reflection coefficient 17 by

the first element of the same vector. In this case the

second, third, and fourth elemenl of the r vector become

1r12 = (x:P)/(x:P) (7a)

R(r) =( X:P)/(X:i) (7b)

and

~(r) =( X:P)/(X:P) (7C)

where X, is a column vector with entries being the ele-

ments of the i th row of the X matrix, and ( X~P) is equal

to the power level exciting the d,erice under test.

We can see from (7) that since the first element of r is

unit y the level in the computation is automatically set.

This formalism gives a unified approach for different

junction designs (with or without i~ specific reference port).

III. CALIBRATION TECHNIQUE USING

FIVE STANDARDS

To, calibrate a six-port in a given frequency band It is
,.

necessary to determine the matrix X at a number of

predetermined frequency points within the chosen band-

width. Several linear methods have been published to

calibrate the six-port reflectometcr [3]–[6]. An @ternative

method based on the above matrix formalism and using

five standard terminations is developed below.

Equation (5) can be written for four terminations with

four reflection coefficients rJk = 1,.. .,4) as follows:

Pk = ~kcrk fork= l,. ..,4

where a~ = Albzl 2.

An explicit expression for the last equation gives

a~(cll+ c121r~12+ %Rk + c14~k) = Plk (8a)

(a~ C21 + C221rk12 + C23Rk + C241k
) = P’k (8b)

CXk(C31 + C321r~12 + C33Rk + c341k) ‘p3k (8c)

CIk(C41 + C421rk12 + C43R~ + c~~k) ‘p4k. (8d)

The normalization of p2k, pxk, and p4~ on p~k gives

C21 + C221rk12 + C23Rk + C241k

= (p2k/hk)(cH+ c121rk12 + %% + Cdlk)

(9a)

c31+c321rk12+c33R~+c34z~

= (p3k/’~lk)(cll+ c121rk12 + c13Rk + c1411k)

(9b)

% + c421rk12 + c43& + c441k

= (p4k/h)(c,l + C1’lrkl’ + CUR, + CDIIM)

fork= l,... ,4. (9C)

where C– 1 = X is the inverse matrix of C. Rerwesentin~ the vector reflection coefficients as a (4X 4).=- -. “ .-. .,
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G matrix, we have

gkl = 1

gk2 = irk? fork= l,. ..,4

gks = Rk

g~b = l~.

In addition, the four power readings related to the four

standards used above, can be given in four (4x 4) matrices

as follows:

)P] = Diag(pjl, Pj2, PJ3> PJ4 >
j=l,. ..,4.

Representing the i th row of matrix C as a column vector

C,, and using the above matrix notation, the four equa-

tions (9a) (k =1,. . . ,4) can be written as

GC2 = PZP; lGC1.

Therefore

Cz = G- lPZP; lGC1. (lOa)

The same treatment can be done for (9b) and (9c) to give

C3 = G- 1P3P<1GC1 (lOb)

Cb = G- ‘PdP1- lGC1 . (1OC)

The choice of the first four standards must ensure that the

G matrix is nonsingular and that p,k can never vanish,

unless C,l = C,z = C,3= C,4= O, which is contrary to the

definition of matrix C and the behavior of the six-port

junction. Consequently the inverse of matrix P~ exists.
The determination of the three vectors C2, C3, and Cd

requires that Cl be first known. From (10) Cl can be

deduced as follows:

Cl= G- lPIP; lGCZ (ha)

Cl= G- lPIP; 1GC3 (llb)

Cl= G- lPIPd- lGCd . (llC)

From (11) and using some matrix manipulations, it is easy

to show that

C,== G- lPiPJ- lGC
J

(12)

fori=l,. . . ,4 and j=l,. ..,4, with i+j.

Writing the three expressions of C, for two different

values of i, we can deduce that

P; lGCl = P; 1GC2 = P; 1GC3 = P: ‘GCd = VO (13)

where F’. is a (4 x 1) column vector.

Using (6) and substituting the expression for pt~ in (13),

it can be seen directly that VO is

vo~= (l/(xl, l/a2, 1,/a3 , l/a4)

where a~(k =1,. . . ,4) is the input power level exciting the

standard termination k when it is connected to the mea-

suring plane of the six-port reflectometer.
The replacement of P,- lGC, by VO in (12) gives

C1=G-lP,VO fori=l,. ..,4. (14)

{
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Fig. 2. Experiment~ block diagram of six-port reflectometer.

Equations (10) and (14) are completely equivalent and

there is no need in the above treatment to assume that the

six-port has a specific reference port.

In the Appendix it is shown that the vector VOelements

are obtained as the solution of the following linear system:

PO= PDiag[(G-l)~rO] VO (15)

where P. is the power readings vector of the nonideal

matched load (fifth standard), rO is the reflection coeffi-

cient vector of the fifth standard, and P = (PI, P2, P3, P4)

is a 4 X 4 power matrix.

From (14) and (15), it is seen that the determination of

the calibration matrix needs an explicit matrix product

without any iterative computation procedures.

IV. EXPERIMENTAL RESULTS

For an ideal six-port reflectometer it was shown in [12]

that the entries to the C matrix c,, are related by the

following equation:

(c14)2+ (ci3)2-4c,1c1, =0 for i=l,. ..,4. (16)

For a practical six-port reflectometer, an error in the

actual calibration parameters cl, produces a nonzero value

for the above equation. An evaluation of inaccuracy on the

calibration matrix can be suggested as follows:

1=1~ i=,.

with i. = 1 for a six-port without a reference port, i. = 2

for a six-port with a reference port, and lE, 1the estimated

error related to the actual calibration parameters.

The calibration algorithm has been implemented on a

desk-top computer (HP 9816) and applied to a six-port

junction [10]. Three positions of a precision Narda 901NF

type sliding short (separated by a distance of Ag/8 of a

given calibration frequency value), a Wiltron matched load

(type 28A50-1), and a shorted 6 dB attenuator as a fifth

standard were used to calibrate the reflectometer over a

2–4 GHz range in 10 MHz steps. The block diagram of the

six-port reflectometer is shown in Fig. 2. Tables I and II

show that the values of the error function E, are very
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Fig. 3. Direct return loss measurementof a 3 dB attenuator over 2–4
GHz in 10 MHz steps.

TABLE I
EXPERIMENTAL RSSULTS OF SIX-PORT REFLECTOMETER

1

(a) (b)

EXPER1l.QINT.4L CAL1ERATION MATRIX
MEASURED V4LUE

EXI’ECTED VALUE

j 1 2 3 4 E. standard
,

.mplic. de phase
i (de~ree)

1 .1096 -.0013 -.0060 –.0171 .0009 pen circuit 1.000/1.000 reference
p lane

2 .0679 .0106 -,0663 .0160 .0018 short circuit 1.019/1.000 –180.913
-180.000

3 .0373 .0174 .0295 .0182 –.0014

I I I I I

4 .0323 .0230 .0114 -.0573 .0004 attenuator -19.573
dh

(a) Calibration matrix of 4 GHz.
(b) Compmison of test results with results obtained on HP851OT and

nominaf values for short and open circuit.
The expected value is the value measured with au HP851OT at

Northern Telecom, Canada (March 1986).

TABLE II

EXPERIMENTALRESULTSOFSIX-PORTf@FLECTOMETER
I I

(a) (b)

MM8URED VALUE

EXPEE1MJ2NTAL CAL1B8ATION MATRIX

EXPECTED VALUE

j 1 2 3 4 E. s t andard amplitude phase
,

i
(degree)

1 .3381 .0023 -.0211 .0174 -.0023 _
I ,I 1 I , I [ 1 1 I

2 .2326 .0999 –.0240 -.1299 –.0755 short circuit x ref..en..
1.000 plane

3 .1090 .0512 –.0998 .0982 -.0027 coax air line+ * +~

S.C. (10.35cuI) 1.000 +180 .000

4 ,0898 .0291 .1161 .0069 .0031

(a) Calibration matrix at 2.89 GHz.
(b) Test results of a coaxiaf air line (10.35 cm).

small. This is an indication that the actual calibration

matrix describes the response of the six-port reflectometer

very well. Table I shows the measured magnitude and

phase of an open circuit, a short circuit, and the return loss

of a 10 dB attenuator at 4 GHz. The measured phase value
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of the open circuit is taken as the reference plane. Table 11

shows the measured magnitude and phase of a short circuit

and a coaxial air line (10.35 cm) terminated by a short

circuit at 2.89 GHz. At this frequency a coaxial air line of

10.35 cm length has a 4n phase angle. In this case the

measured phase value of a short circuit is taken as the

reference plane. The phase values found for open and

short circuit conditions in Tables I and II are within 1

percent of expected values. Fig. 3 shows the return loss

measurement of a 3 dB attenuator over 2–4 GHz in 10

MHz steps.

V. CONCLUSIONS

An alternative explicit six-port calibration method using

five standards based on matrix formalism is presented and

verified by experimental results. 1t is shown that the new

method has the following advantages:

1)

2)

3)

There is no limitation that the reflectometer must

include a specific reference port to monitor the power

level; this gives more latitude in designing the six-port

junction.

The calibration method is completely based on ma-

trix formalism; this allows rapid calculations and

reduces the computational effort.

In addition the computation method is an explicit

one (not requiring iteration).

APPENiXX

Consider a load with a reflection coefficient vector rO.

The power vector PO is related to rO by

PO= ~Ocr[l. (Al)

An explicit form of the last equation is

Pjo = ~ocirO fori=l,. ..,4. (A2)

Substituting (14) in (A2), one can get

piO = aO(G-lPiVO) ‘rO = OLOV$Pi(G-l) ‘rO (A3)

where VOT= (l/al, l/a2, l/a3, I/tKa) and Pi is a diagonal

matrix. Then ( Pi)~ = Pi. If we assume that G – 1 =

(Gl, G2, G3, G,), where Gi is the ith column vector of
matrix G– 1, it is easy to obtain that

‘(Pio = CIovo ~ilGfro; PiX;ro; Pi@$ro; pi4 4 0GTr )*.

Therefore

pio= j~, $PijGjrO fori=l,. ..,4. (A4)

In more compact form, the last equation can be rewritten

as

Po=PDiag((G-l)TI’o) .aoVo

where P = (PI, P2, P3, P4) is a 4 x 4 power matrix. The last

linear system can be solved for (aoVo). The term a. can be

made equal to unity because the relative value of a~ is

important, not the absolute one.
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